As a popular meshfree particle method, the smoothed particle hydrodynamics (SPH) has suffered from not being able to directly implement the solid boundary conditions. This influences the SPH approximation accuracy and hinders its further development and application to engineering and scientific problems. In this paper, a coupled dynamic solid boundary treatment (SBT) algorithm has been proposed, after investigating the features of existing SPH SBT algorithms. The novelty of the coupled dynamic SBT algorithm includes a new repulsive force between approaching fluid and solid particles, and a new numerical approximation scheme for estimating field functions of virtual solid particles. The new SBT algorithm has been examined with three numerical examples including a typical dam-break flow, a dam-break flow with a sharp-edged obstacle, and a water entry problem. It is demonstrated that SPH with this coupled dynamic boundary algorithm can lead to accurate results with smooth pressure field, and that the new SBT algorithm is also suitable for complex and even moving solid boundaries.
Introduction
Smoothed particle hydrodynamics (SPH) is a popular meshfree, Lagrangian, particle method with some attractive features [1, 2] . It was invented to solve astrophysical problems in three-dimensional open space. In SPH, the state of a system is represented by a set of particles, which possess individual material properties and interact with each other within a certain range defined as the support domain by a weight function or smoothing function [3] . Flow field variables (such as density, velocity, acceleration) can be obtained through approximating the governing equations which are discretized on the set of particles. Compared with traditional grid-based numerical methods, SPH has special advantages. Particles in the SPH method move along with the modeling objects. Therefore, SPH has Lagrangian feature and can naturally obtain time history. By properly deploying particles at specific positions at the initial stage, it is feasible to trace free surfaces, material interfaces, and moving boundaries conveniently in the process of simulation. Also because no grid/mesh is used, the connectivity between particles is generated as part of the computation and can change with time. Therefore SPH allows a straightforward handling of very large deformation. Due to its inherent features and advantages, SPH has been widely applied to different areas in engineering and sciences [4] .
However, developments and applications of the SPH method have been hindered by a number of numerical issues. One major problem is associated with the SPH ap-proximation scheme, which is closely related to accuracy, stability, and efficiency. During the past decades, many researchers have been investigating the numerical approximation schemes of SPH, and a number of effective algorithms have been developed [2] . Another major issue is the treatment of solid boundaries and implementation of the solid boundary conditions. In SPH, the obstacle areas and flow regions can both be discretized with particles. Since particles can move with the modeling objects according to internal and external forces, the connectivity between moving particles changes at each time step. This is similar to the classic molecular dynamics (MD) method [5] that uses a particle to represent an atom or a molecule in nano-scale, and the dissipative particle dynamics (DPD) method [6] that uses a particle to represent a small cluster of molecules in meso-scale. In SPH, solid boundary conditions are not able to be directly and rigorously implemented as in the grid-based numerical models. Since its invention, the treatment of solid boundary has been a numerical focus, which has been influencing the accuracy of SPH, and hindering its further development and application in engineering and sciences [7, 8] .
In this paper, we investigate the treatment of solid boundary and implementation of solid boundary conditions for the SPH method. The paper is organized as follows. The second section provides a brief overview of the SPH method on modeling incompressible flows. In the third section, existing SBT algorithms are revisited, and classified into three major classes according to their features. After that, a coupled dynamic boundary treatment algorithm is proposed. In Section five, the new SBT algorithm is tested on three numerical examples with detailed analyses and comparison with other approaches. The paper ends in Section six with some concluding remarks.
A brief overview of SPH methodology
The conventional SPH method was originally developed for hydrodynamic problems in which the governing equations are in strong form of partial differential equations of field variables such as density, velocity, and etc. There are basically two steps in obtaining an SPH formulation, kernel and particle approximations. The kernel approximation is to represent a function and its derivatives in continuous form as integral representation using the smoothing function and its derivatives. In the particle approximation, the computational domain is discretized with a set of particles. A field function and its derivative can be written in the following forms:
where f(x i ) is the approximate value of particle i, f(x j ) is the value of f(x) associated with particle j, x i and x j are the positions of corresponding particles, h is the smooth length, N is the number of the particles in the support domain, W is the smoothing function and represents a weighted contribution of particle j to particle i. Using eqs. (1) and (2) with necessary numerical tricks, it is possible to derive SPH formulations for partial differential equations governing the physics of fluid flows. For example, the Navier-Stokes (NS) equations, which control the general fluid dynamic problems, can be written in the following forms:
where , v, p, g and  denote density, velocity vector, pressure, gravity and dynamic viscosity, respectively. By substituting the SPH approximations for a function and its derivative to NS equations, the SPH equations of motion for NS equations can be obtained as
In SPH, an artificial compressibility technique is often used to model an incompressible flow as a slightly compressible one. The artificial compressibility considers that every theoretically incompressible fluid is actually compressible. Therefore, it is feasible to use a quasi-incompressible equation of state to model the incompressible flow. In this work, the artificial equation of state is 2 ,
where c is the sound speed of the concerned artificially compressible fluid (e.g. water). Monaghan [9] argued that the relative density variation, , is related to the fluid bulk velocity and sound speed in the following way
where  0 , , v b and M are the initial density, absolute density variation, fluid bulk velocity and Mach number, respectively.
Morris [10] , through considering the balance of pressure, viscous force and body force, proposed an estimation of sound speed. He argued that the square of the sound speed should be comparable with the largest value of
where
is the kinetic viscosity, F is the magnitude of the external body force, and l is the characteristic length scale.
Except for artificial compressibility, artificial viscosity [11] , kernel gradient correct (KGC) model, and RANS turbulence model [12] are used in this paper to model incompressible fluid flows. The KGC model can guarantee second order accuracy of the kernel gradient approximation, while the RANS model is used to describe the inherent turbulence effects.
SPH method uses artificial viscosity frequently in modeling shock wave problems such as explosion and impact. Artificial viscosity can diffuse sharp variations and dissipate energy of high frequency terms. The Monaghan type artificial viscosity is frequently used, which consists of a linear term and a quadratic term with both coefficients approximately equal to 1.0. It can effectively resolve shock waves within several smoothing lengths. On the other hand, the artificial viscosity helps to regularize particle distribution, remove numerical oscillation and instability. In modeling incompressible free surface flow problems, the physical viscosity rather than artificial viscosity should be used. However, we found that incompressible free surface flow usually generates irregularly distributed particles locally, while an artificial viscosity with only the linear term can help to effectively remove particle irregularity. According to our experience, an optimal range of the coefficient of the artificial viscosity linear term is around 0.05-0.1. In this paper, the coefficient is taken as 0.08.
Solid boundary treatment
To well implement the solid boundary conditions and improve the numerical accuracy, many researchers have proposed different SBT algorithms for the SPH method. Except for approaches with coupled grid-based methods, which can take the advantages in dealing with solid boundaries, most SBT algorithms use virtual particles (or ghost or image particles in different references) to represent the solid boundary (and even the solid obstacle areas). Depending on the deployment of the virtual particles and numerical approximation schemes to obtain field variables of the corresponding virtual particles, these SBT algorithms can be classified into three major classes: repulsive force SBT, dynamic SBT and conventional SBT algorithms with ghost particles. In this section, a detailed analysis of these three classes of SBT algorithms will be conducted first, and then a coupled dynamic SBT algorithm will be proposed, which intends to take the full advantages of the existing algorithms while removing their disadvantages.
Repulsive force SBT algorithm
The repulsive force SBT algorithm was first presented by Monaghan [13] who used a line of virtual particles (as repulsive particles) located right on the solid boundary to produce a highly repulsive force on the approaching fluid particles near the boundary, and thus to prevent these fluid particles from unphysical penetration through solid boundaries, as shown in Figure 1 .
The early repulsive force is very much similar to the Lennard-Jones (LJ) form molecular force in classic molecular dynamics, which can be written as follows:
where PB ij and r ij are the repulsive force and distance between a solid particle and an approaching fluid particle, respectively. Parameters n 1 and n 2 are usually taken as 12 and 4, respectively. r 0 is the cut-off distance. D is a problem dependent parameter, and should be chosen to be in the same scale as the square of the largest velocity. It is clear that the LJ form force is highly repulsive and approaches infinite when the two particles approaches. The force is sensitive to parameters such as n 1 , n 2 , r 0 and D. For example, if the cutoff distance r 0 is too large, some fluid particles may feel early and unnecessary repulsive force. This leads to initial disturbance and even blowup of fluid particles. If r 0 is too small, fluid particles may have already penetrated the boundary before experiencing repulsive force. In most practices, r 0 is usually close to the initial particle spacing. An improved repulsive model was given by Rogers and Dalrymple [14] in modeling tsunami waves and runup as
where n is the normal direction of the solid boundary,  is the perpendicular distance between the two particles,  is the projection of interpolation location  i onto the chord , u  is the normal velocity of the fluid particles, and z is the elevation above the local still water level. R(  ) is a finite, repulsive function related to the positions of the two particles. It is obvious that except for distance, normal and tangential directions are necessary to be determined before calculating the repulsive force.
Dynamic SBT algorithms
In dynamic SBT algorithms, virtual particles are placed and fixed in the boundary area, and the thickness of the virtual boundary particles is related to the kernel function as well as initial particle spacing (see Figure 2) . Virtual particles are used to approximate the field variables of fluid particles, and thus to improve the SPH numerical accuracy near boundary areas through removing the boundary deficiency problem. On the other hand, the field variable of the virtual particles can be obtained from SPH approximation on governing equations such as the continuity equation, momentum equation and the equation of state. Since field variables of the virtual particles are dynamically evolved according to the governing equations, the involved solid boundary treatment is usually referred to as dynamic SBT. The idea of dynamic boundary treatment was mentioned in Liu and Liu's SPH monograph [11] , and was successfully implemented by Dalrymple and his co-workers in modeling free surface flows [15] . In approximating field variables of virtual particles, numerical problems with boundary deficiency still exist. As for a concerned virtual particle, there are not sufficient particles in its support domain to take part in the weighted summation process. Therefore, the dynamic SBT algorithm can also lead to inaccurate results with pressure oscillations. Gong and Liu [16] proposed an improvement in smoothing the pressure field in their dynamic SBT algorithm, and it is reported to have better performance, especially in removing pressure oscillations.
Conventional SBT algorithms with ghost particles
Conventional SBT algorithms with ghost particles have been frequently used in SPH. In this method, ghost particles are generated to represent the solid boundary areas by mirroring or reflecting fluid particles along solid boundaries ( Figure 3) . A line of boundary particles may also be used to exert repulsive forces. Ghost particles can be generated only once at the first time step, and fixed in the computational domain for later approximations. They can also be generated at each time step and adapt to changing neighbor fluid particles. Ghost particles can take part in the SPH approximation process of the fluid particles to improve boundary accuracy, while different ways to obtain the field variables can lead to different implementations.
Libersky and his co-workers [17] introduced ghost particles to reflect a symmetrical surface boundary condition with opposite velocity on the reflecting image particles. Colagrossi [18] used an approach to mimic the solid boundary by ghost particle with density, pressure and velocity from neighbor fluid particles. For the free-slip condition, for example, flow variables of ghost particles can be written as , ,
where subscript i refers to the fluid particle, g refers to the ghost particle, and w is the corresponding wall particle. v g,t and v i,t are the tangential velocities of the ghost particle and the fluid particle, and v g,n and v i,n are the normal velocities. For non-slip boundary conditions, both tangential and normal velocities are reversed.
Morris et al. [10] proposed an approach to obtain velocity of virtual boundary particles for implementing non-slip boundary conditions. Particles are created on a regular lattice, and contribute to the computation of the density and pressure gradients of fluid particles. The velocities of the boundary particles are obtained through the ratios of the distances from real particles and boundary particles to the boundary, as shown in Figure 4 .
The relative velocity between the two kinds of particles can be obtained using the following equations:
where d a and d B are the normal distances between the real particle A and ghost particle B to the solid boundary, V ab is the relative velocity, and  max =1.5. Marrone et al. [19] proposed an improved SBT algorithm with fixed ghost particle and used it to simulate dam break problems. The solid boundary is represented by several layers of fixed ghost particles. To obtain variables (such as density, pressure and velocity) of a fixed ghost particle, it is necessary to introduce an image interpolation point (hollow triangle in Figure 5 ) by reflecting a concerned ghost particle (filled triangle in Figure 5 ) to the flow region. The field variables of the image interpolation point can be obtained from traditional SPH approximating or enhanced SPH approximating such as the MLS method [20] over neighbor particles, and can be used as the variables of a fixed ghost particle. It is reported that this SBT algorithm can lead to good numerical accuracy with smooth pressure distribution.
Remarks and discussions
A good solid boundary treatment algorithm should take care of accuracy, efficiency as well as adaptivity to complex boundaries. It is clear that the repulsive force solid boundary treatment is conceptually simple, easy to implement, and adaptive to complex solid boundaries. However, the numerical accuracy is poor due to serious boundary deficiency problem as there are no sufficient neighbor particles for a fluid particle near the solid boundaries. Also the numerical accuracy is usually sensitive to the coefficients of the specific repulsive force. For example, the frequently used LJ form repulsive force is effective in preventing fluid particles from penetrating solid walls, but it may lead to rough pressure field, and even unphysical separation of fluid particles away from the solid wall. The soft repulsive force model by Rogers and Dalrymple needs to calculate the normal direction, which can cause additional difficulties for complex boundaries.
The dynamic SBT algorithm improves computational accuracy by removing the particle deficiency problem for fluid particles, and it is also suitable for complex solid boundaries. But in many cases, fluid particles may unphysically penetrate the solid walls. Also current algorithms for approximating field variable of the virtual particles are based on conventional SPH method, which is known to have poor accuracy. Conventional SBT algorithms with ghost particles are usually applicable only to simple or straightforward boundaries in order to generate ghost particles. The SBT algorithm by Marrone et al. is actually a combination of the dynamic SBT algorithm and the conventional SBT algorithms with ghost particles. Thus it can lead Figure 5 Illustration of the fixed ghost particle SBT algorithm by Marrone et al. [20] .
to comparatively better results. It should be noted that a second search is needed to locate the nearest neighbor particles for the image interpolation point, which may cause additional computational effort.
A coupled dynamic SBT algorithm
Considering the advantages and disadvantages of the current boundary treatment methods, we propose a coupled dynamic SBT algorithm. In this new algorithm, two types of virtual particles, repulsive particles and ghost particles, are used ( Figure 6 ). The repulsive particles are similar to the particles used in the repulsive SBT algorithms, and they are located right on the solid boundary. Ghost particles are located outside the solid boundary area. It should be noted that in conventional SBT algorithms, ghost particles are generated from mirroring or reflecting fluid particles onto solid boundary areas, and need to adapt to the fluid particles at each time step. In contrast, this new SBT algorithm can generate ghost particles in a regular or irregular distribution at the first time step, while ghost particle positions do not need to change during the following simulation.
The new SBT algorithm combines the advantages of repulsive SBT algorithms and dynamic SBT algorithms as a coupled approach. It is not a simple combination, as in this new SBT algorithm a new repulsive force for repulsive particles and a new interpolation scheme to approximate the information of the virtual particles have been proposed. The improved soft repulsive force can prevent unphysical particle penetration without obvious pressure disturbances as in repulsive SBT algorithms. The improved interpolation scheme serves to greatly improve the computational accuracy for calculating the information of the virtual particles.
The new repulsive force is an improvement on Kourosh's work [21] , which needs to calculate the tangential and normal directions of solid boundaries and is not easy to implement for complex geometries. The improved repulsive force is a finite distance-dependent repulsive force on fluid particles approaching solid boundaries:
(17) Figure 6 Illustration of the present coupled dynamic SBT algorithm. 
where d is the initial distance of two adjacent particles.
In this coupled dynamic SBT algorithm, the field variable of the virtual particles (both repulsive particles and ghost particles, see Figure 6 ) can be dynamically evolved and obtained from SPH approximation of neighbor fluid particles within the support domain. The interpolation domains of different kinds of virtual particles are different. The information of repulsive particles only comes from fluid particles, and the information of ghost particles comes from both fluid and repulsive particles. It is known that the support domains of the fluid particles intersect the solid boundary with insufficient neighbor particles for conventional SPH particle approximation schemes. Therefore, to restore the consistency of SPH particle approximation, Shepard filter method or moving least square (MLS) method can be used in the coupled dynamic SBT algorithm for approximating both the fluid and virtual particles.
Take non-slip boundary condition as an example. The variables of the boundary particles can be obtained from the following equations: obtained by the Shepard filter or MLS method, respectively, and they can be written as 
It has been demonstrated that improved SPH particle approximations with Shepard filter or moving least square correction can lead to much better results than conventional SPH particle approximation schemes [18] . This is different from the dynamic SBT algorithms which use conventional SPH approximations to obtain the information of virtual particles with comparatively much lower accuracy. It should be noted that existing modifications in SPH particle approximations with Shepard filter or moving least square are only used for approximating information of fluid particles. This is the first time to extend the idea to approximate information of virtual particles in treating solid boundaries.
Numerical examples
In this section, three numerical examples are presented to demonstrate the effectiveness of the coupling dynamic boundary algorithm. The first example involves dam break against a vertical wall (Figure 7 ), which is a classic dam break problem with a simple solid boundary. To examine its applicability to more complex boundaries, a sharp-edged obstacle is placed before the vertical wall during the dam breaking process (Figure 11 ). Finally, the water entry of a cylinder ( Figure 14 ) is simulated to demonstrate the efficiency of the new algorithm in treating the moving boundaries.
Free dam break against a vertical wall
Free dam break against a vertical wall has been modeled using the SPH method by a number of researchers. Due to limitations in modeling solid boundaries, most researchers could only describe the problem qualitatively, such as flow pattern, water height and surge front. It is difficult to give precise prediction of the pressure load on solid boundary. The geometry of this example is shown in Figure 7 . In SPH simulation, around 30000 particles are used. Time step is taken as 0.00001 s, and the speed of sound is 40 m/s. Initial pressure field is given based on initial water height.
To validate the efficiencies of the coupled dynamic SBT algorithm, comparative analyses with other SBT algorithms are conducted. Figure 8 shows the particle and pressure distributions obtained from the repulsive force (a), dynamic (b), and coupled dynamic SBT algorithms. Three left figures show the whole flow pattern, and three right figures show zoom-in plots for the bottom-right corner area. It is obvious that repulsive force and dynamic SBT algorithms lead to rough pressure field with numerical oscillations especially in the bottom-right corner area. Also for both SBT algorithms, a clear particle separation can be observed near the top-right solid wall. It is therefore difficult to obtain accurate pressure loads on the solid boundary due to pressure oscillation and particle separation. In contrast, the pressure distribution obtained from the coupled dynamic SBT algorithm leads to more ordered particle distribution and much smoother pressure field which has clear pressure layers. Large impact pressure in the corner area can be effectively predicted with obvious pressure layers. Figure 9 shows the flow history of the dam break problem at 0.3, 0.8, 1.4 1.6, 1.8, and 2.2 s. It can be observed that with the development of the dam-breaking process, water front impact against the front vertical wall generates a bounce-back flow pattern after interacting with the vertical wall, and finally forms a cavity in the bottom-right corner area. With repulsive force and dynamic SBT algorithms, no clear or smooth pressure has been obtained.
To quantitatively validate the pressure load on the solid boundary, two probe points P1, P2 are used (OP1 = 0.16 m, P1P2 = 0.424 m, as shown in Figure 7) , and pressures obtained using the coupled dynamic SBT algorithm were compared with experiment observations by Buchner [22] . At approximately 0.6 s, water front impacts point P1, which generates a big pressure jump (approximately 0.65 times the maximum hydrostatic pressure). From 0.6 to 1.4 s, pressure reduces. It is obvious that before 1.4 s, the numerical results agree well with experimental observations (Figure 10 ). While after 1.4 s, there exist bigger differences, largely due to the air entrapment (cavity) in the simulation. It is expected to obtain better agreement if using a two phase model (water and air) in the SPH simulation.
Free dam break against a sharp-edged obstacle
This example is similar to the above case except that a sharp-edged obstacle is placed before the right vertical wall, as shown in Figure 11 . The sharp-edged obstacle can generate big water impact and it is difficult to precisely predict the pressure load. To track the value of the pressure, two probe points P1 and P2 are set in the sharp-edged obstacle, where OP2 = 2OP1 = 35.35 cm. The initial particle spacing is 0.01 m, about 20000 particles are used in the simulation, and the sound speed is 50 m/s. Figure 12 shows the pressure evolution of the dam break against a sharp-edged obstacle. It is clear that when water front meets the sharp edge, a big pressure impact produces. After that, water particles spread away from the edge to generate a long strip of water. Most importantly, some particles splash away from the water strip and then fall onto the bulky water, leading to transient heavy pressure in some areas of the bulky water.
Using the conventional SPH method with previous SBT algorithms is not able to accurately resolve the pressure field near the sharp edge or near areas where splashed particles fall on the bulky water. It is easy to observe unphysical particles penetrations or big pressure oscillations with previous SBT algorithms. Again the coupled dynamic SBT algorithm can obtain smooth pressure field, well capture the spreading and formation of water strip. The flow patterns agree with those obtained by Colicchio [23] who simulated the case using Level-Set method. And the pressures on P1and P2 points are agreeable with the results by Marrone [19] , with a 7% larger peak pressure in this coupled dynamic SBT algorithm. In Marrone's work, much more particles were used with much larger computational cost.
Water entry of a cylinder
Water entry phenomenon involves breakup of the free surfaces, fluid-solid interactions and complex turbulence and vortex generation, and therefore it is difficult for traditional numerical methods to simulate water entry problems. In this case, the water entry of a cylinder is simulated, and the coupled dynamic boundary algorithm is used in moving boundary. As shown in Figure 14 , the length and height of the water are 200 and 50 cm, respectively, and the radius of the cylinder is 5.5 cm, which has the same density as water. The initial downward velocity of the cylinder is 2.955 m/s.
The objective of this example is to investigate the effectiveness of the new SBT algorithm with moving solid boundaries, and the pressure loads on moving objects. The initial particle spacing is 0.0025 m, about 160000 particles are used in the simulation. Figure 15 shows the pressure evolution during the water entry process at 0.006, 0.02, 0.03, 0.035, 0.2, 0.26 s. At 0.006 s when the cylinder meets the water surface, a pressure wave produces and then transmits in water. At 0.02 s, after the interaction with the solid wall, the pressure wave changes its direction and forms a reflection wave with a maximum pressure of about 12000 Pa. The whole pressure field is smooth during the pressure wave propagation. The reflection wave meets the falling cylinder at about 0.03 s, and produces a new interaction with the cylinder. With these disturbances, the pressure field is not as smooth as before. However, this effect will gradually disappear as time elapses and the pressure field becomes smooth again. Figure 16 shows the experimental observations by Greenhow [24] and SPH results with coupled dynamic SBT algorithm. It is clear that the obtained SPH results are close to experimental observations, and it shows that this coupled dynamic SBT algorithm is also effective for moving solid boundaries.
Conclusions
This paper presented a coupled dynamic algorithm for treating solid boundaries in the SPH method. Solid boundaries and obstacle areas are represented by virtual particles including repulsive particles located right on the solid boundaries, and ghost particles in the obstacle areas. A new repulsive force for repulsive particles and a new interpolation scheme to approximate the information of the virtual particles have been proposed, which can prevent unphysical penetration of flow particles through solid boundaries, and improve the computational accuracy respectively. The effectiveness of the new solid boundary treatment algorithm has been demonstrated by three numerical examples with better accuracy and smoother pressure field. 
